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Exercise 3D

1 a (cosd+isind)’ =cos’ 6 +isin’ de Moivre’s Theorem.
=cos’ 6 +3C1 cos” O(isinf)
+3C2 cosO(isin0)? + (isind)?

=c0s> 0 + 3icos’ Osinf + 3i> cosOsin’ O +1i’sin’ 0

Binomial expansion.

=c0s> 0 + 3icos’ Osinh —3cosOsin> O —isin’ O

Hence,
cos 36 +isin360 = cos® O + 3icos? Osind —3cosHsin’ @ —isin’ O

Equating the imaginary parts gives,
sin 30 = 3cos” Osin 6 —sin’ 0
=3(1-sin? 0)sinH —sin’ O Applying cos” 6 =1-sin” .
=3sinf(1—sin’ 0) —sin’ 0
=3sinf—3sin’ O —sin’ 0

=3sin@ —4sin’ 0

Hence, sin30 = 3sind —4sin® 0 (as required)

b (cos@+isinf)’ =cos50 +isin50
=cos’ 0+ °C, cos* A(isin9) +°C, cos’ O(isin H) de Moivre’s Theorem.
+ 5C3 cos’ O(isin 0)* + 5C4 cosO(isin0)* + (isin )’

=cos’ 0 +5icos* @sin@+10i% cos® #sin’ O +10i> cos? Osin’ O

Binomial expansion.

+5i* cos@sin* @ +1° sin> 0

Hence,
c0s 560 +isin 560 = cos® O + 5icos* Osin® —10cos> Osin? 6 —10icos® Osin’ O

+5cosfsin* @ +isin’ 0

Equating the imaginary parts gives,
sin 50 = 5cos” Asin @ — 10 cos” Gsin’ O +sin’ §

= 5(cos® 0)* sin@ —10cos® Osin® 0 + sin° O Applying cos? 6 =1-sin? 6.

= 5(1—sin* §)* sin® —10(1 —sin? A)sin> O +sin> 6
= 5sin (1 - 2sin” 0 +sin”* #) —10sin® (1 —sin? §) +sin’ 0
= 5sin@ —10sin” 6 + 5sin’ 6 — 10sin’ 6+ 10sin” 0 + sin’ &
=16sin’ 6 —20sin’ 0 + Ssin 0

Hence, sin 50 = 16sin° @ — 20sin> 0 + 5sin 6 (as required)
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1 ¢ (cos@+isin@)’ =cos76 +isin76
=cos’ 6+ C, cos® O(isin@) + 'C, cos’ f(isin H)> de Moivre’s Theorem.
+ 7C3 cos® O(isinH)* + 7C4 cos’ O(isin 0)* + 7C5 cos” O(isin 0)
+ 7C6 cosf(isin ) + (isin )’
=cos’ 0+ 7icos® Osin 6 + 21i* cos® O sin* 6
+35i° cos* @sin® 0 +35i* cos® Osin’ O + 21i° cos? Osin’ 6

+7i% cosOsin® O +i’ sin” O

Binomial expansion.

Hence,
c0s 76 +isin76 = cos’ O + Ticos® Osin@ —21cos’ Osin? O

—35i° cos* Osin® 6 + 351* cos® Osin* 6 + 211> cos? Osin> 0

—7cosfsin® @ —isin’ 6

Equating the imaginary parts gives,
c0s760 =cos’ 0 —21cos’ Osin? 0 + 35¢cos’ Osin* @ — 7 cosOsin® O

=cos’ 8 —21cos’ O(1—cos® 0) +35cos’ O(1 — cos” H)*

. 20 1 il
—7COS(9(1—0052(9)3 Applying cos“ @ =1-sin” 6.

=cos’ 6 —21cos> @ +21cos’ O +35¢cos’ O(1—2cos” 0 + cos* 9)
—7cosO(1—3cos” O+ 3cos* @ —cos® 0)

=cos’ 6 —21cos’ @ +21cos’ 6 +35c0s’ @ —70cos’ @ +35cos’ 0
—7cos@+21cos’ @ —21cos’ @ +7Tcos’ 6

=64cos’ O —112cos’ O +56cos> O —7 cosd

Hence, cos70 = 64cos’ 0 —112cos’ 0 +56cos® 0 —7 cos’ 0 (asrequired)
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1 d Let z=cos@+isinf

1
z+—=2cost
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(z+lJ =(2cos8)* =16cos’ 6 <
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=z +47° +6+—+
Z Z

2(24 +L4J+4(z2 +LZJ+6
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1
=2c0s46 +4(2¢c0s26) + 6 z +Z—n=2cosn6’

So, 16cos* @=2cos46 +8cos260 + 6
16cos* @ =2(cos 46 + 4co0s26 +3)

cos* @ :%(cos 46 +4c0s20 +3)

Therefore, cos* @ =1 (cos 46 +4cos20+3) (as required)

e Let z=cos@+isind

z
2 3 4 5
=2z’ +5Clz4(—lj+5sz3(—lj +5C322(—1j +5C4z(—lj +(—lj
z z z z z
2 3 4 5
:25+524(—1j+1023 (—lj +10z° (—lj +52(—1j +(—lj
z z z z z
=z -5z (1j+102 (lj 10z (13j+52(i4j—%
z z z z z
=2 -5z +10z _&+i_i

3 5
z z z

5 1 .
1 . e s 5 . s s z ——=2isin8
z——| =(2isinf)’ =32i"sin” @ =32isin” § <
z

1 1 1
=(ZS__SJ_5(Z3__3J+IO(Z__j Z +L=2isinn0
z z z n

z
= 2isin 50 — 5(2isin 38) +10(2isin &) <

So, 32isin’ @ = 2isin 50 —10isin 30 +20isin & (=2i)
16sin’ @ = sin 50 —5sin 360 +10sin
sin’ @=L (sin 560 — 5sin 36+ 10sin 0)

Therefore, sin’ @=L (sin50 —5sin36+10sin 6)
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2 a Let z=cos@+isin® then we have z° +z~> =2cos 56 hence
1
c0550=—(z5 +z*5)
2
We have
z’ =(cosﬁ+isin0)5

= (0055 6+ 5icos @sin @—10cos’ Osin* @ —10icos’ Gsin® @+ 5cosBsin* 6 +isin’ 9)
and

z” =(cos@—isin 0)5

= (0055 6 —5icos® Osin @ —10cos’ Osin* @ +10icos’ sin® @+ 5cosOsin* & —isin’ 9)

Hence
c0s 50 =4(2cos’ 6 —20cos’ @sin” @ +10cos Osin’ 9)

=cos’ @—10cos’ @sin® O+ 5cosPsin* @
=cos’ #—10cos’ 0(1—0052 0) +5cosd(1—cos” 0)*

=cos’ @—10cos’ @+10cos’ @ +5cos O(1—2cos” O +cos* 6)
=16cos’ @—20cos’ @ +5cosf

b We have that cos36 =4cos® @—3cos @ and we wish to solve
cos560+5c0s360=0

Using the above identities the equation becomes

16 cos’ @ —20cos’ 6’+500$6’+5(4cos3 9—30089) =0

Which simplifies to

16cos’ @—10cos @ =0

Hence we either have cos@ = 0 in which case € =72 =1.571or we have

16cos* =10
Hence

cosfd = i‘{ﬁ
8

Which implies we have 8 = 0.4750r 6 =2.666
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3 Let z=cos@+isind

Solution Bank

6
a (z+lj =(2c0s0)® =64cos’ O <
z

s s (3

3 4
( j +6C4z2 (lj +6C52 (l
z z

e ol )

=z —6z"+157° +20+—+—+—
Z Z Z

=(z6 +i6)+6(z4+i4)+15(22 +i2)+20
z z z

=2c0s60+6(2cos40)+15(2sin26)+20 «——

z

1
+—=2cosd
n

So, 64co0s® @ =2cos60+12cos40+30cos26 +20
32c0s’ @ = cos 60+ 6 cos 460 +15c0s 20 +10 (as required)

b fcoségdg:iﬁ(cos6e+6cos49+15cos2&+10)d9
0 3270

1 [sin66 6sin4d 15sin260 g
=— + + +1060
32 6 4 2 .
_1 sin(n)+6sin(2—3“)+155in(§)+10n _0)
32 6 4 2 6
1], 333,1543 5n
320 22 22 3
1[3 15 5
=—| =V3+—+3+—
32_4\/_ 4I 3}
1 "9I 5n
=—|=3+—
5505
57‘E 9\/’
~ 96 64
57t 5 9
0do="—"— =—,b=—
J.COS 9% \/_ a 9% o4
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4 a We wish to show that
32 cos? @sin® @ = cos 60 —2 cos 46 —cos 20+ 2
Let us start with the right hand side of the equation, letting z = cos &+ isin @ we have

c0s60 =1(z° +z*6)
=1(2cos® #—30cos" Osin’ @ +30cos’ Psin* @ - 2sin" 9)
= cos’ @ —15cos” @sin’* @+15cos’ Osin* @ —sin® 6
cos46 :%(24 +z’4)
=1(2cos* @—12cos’ Osin” 6+ 2sin* 9)
=cos" @ —6cos’ @sin” § +sin* O

cos 26 = cos*> @ —sin’ 0

Hence the right hand side becomes
cos66—2cos40 —cos260+2

=cos’ @ —15cos’ @sin’ O +15cos” Osin* @ —sin° 6’—2(cos4 0 —6cos” Osin’ O +sin’ 6’)
—(cos2 0 —sin’ 6’) +2
= cos’ H(l —sin’ 9)2 —15(1 —sin® 9) cos’ @sin® @ +15cos” @sin* 9—(1 —cos’ H)Sin4 0
—2cos* @+12cos’ @sin® §—2sin* —cos’ O +sin” O +2
=32cos’ @sin* @+ cos” @—2cos” fsin’ @—15cos’ @sin” @ —sin* @ —2cos* O +12cos’ fsin’ &
~2sin* @ —cos® O +sin” 6 +2
=32cos’ @sin* @—5cos’ fsin” @—3sin @ —2cos* @ +sin” +2
=32cos’ fsin* - cos’ 0(5 sin® @+ 2cos’ 0) —3sin* @ +sin* G +2
=32cos” Osin* 0 (1-sin’ 0)(3sin’ 0+ 2)—3sin* O+sin’ 0+ 2
=32cos’ @sin* @
b We have
J.f cos’ @sin* dO = 3—12.[013[ (cos68 —2cos460 —cos260+2)do

171 . 1 1 3
=—| —sin 60 ——sin40 ——sin 26 + 26

3216 2 2 o
_1 (B B om) m

321 4 4 3 48
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5 a We wish to compute J.OE sin® #dé, let z = cos @ +isin & then we have

sind = (%(z—zl)Jso that

1

6
sin® @ = (i.(z—zl)j :_—1(26 —6z* +152* =20+15z7 - 62" +z’6)
64

21

:;—i(2c0s69—12 cos 460 +30cos 26 —20)

:3—12(—c0s60+6c0s40—15 cos26+10)

Hence the integral becomes
LP(—COS66’+6c0s4¢9—15c0s26’+10)d6’ = L[_—lsin66’+gsin46’—§sin26’+106’}2
3290 32| 6 2 2 .
st

32

b We wish to compute J.OZ sin® @cos* §dO we have
sin’ @ cos* @ = sin” 6’(1 —sin’ 6’)2 =sin® @ —2sin* O +sin’ @
From the previous part we know that

sin® @ =3—12(—cos6H+6cos40—15cos29+10)

and

sin* @ :(i‘(z—zl)j4 :%(24 —4z°+6-4z +z’4)

21

=%(2cos4¢9—8cos26’+6) =3—12(4cos40—16cos26’+12)

sin’ @ =1(1—cos 26) =i(16—16 cos26)
2 32

Hence we have
sin? Ocos* @ =sin® @—2sin* @ +sin* O
1
=5(—00560—200540+cos20+2)

So the integral becomes
— 4(—cos69—2cos49+00529+2)d0:L[—lsin60—lsin49+lsin29+29 )
32790 32| 6 2 2

0

I(1 1 = 1(4 4+3n w© 1
=—|—+—+—|=—| -+n|= =—+—
3286 2 2) 643 192 64 48
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5 ¢ We wish to compute
jozsirﬁ 6 cos’ 6d6

Let z =cos @ +isin @ then we have

sin® @ cos’ @ = (i(z —z‘)j3 [l(z +z! )js
21 2

=2L56(23 —3z+3z7" —273)(25 -5z +10z-10z"" +5z27° —275)

:—(28 4220 -2z —6z2+6z%2+2z%-227° —278)
256

=——(2i(sin86 +25in 60 - 25in 40 — 65in 20))
256

=%(sin80+2sin66?—2sin46?—6sin26?)

Hence the integral becomes

% (sin86 +25in 66 — 25in 46 — 65in 260) 6

6

:_—1 _—1c0580—1c0s60+lc0s49+ 3cos26
128 8 3 2

0

-1 1 1 1 3 -1 1 1 -1(79 146 67
=—||—+-——+= || ——=+=+3||= —— =
128(\16 3 4 2 8 3 2 128148 48 6144
6 a Let z=cos@+isin@ then we have
cos60=%(zé+z*)=%((cos€+isin0)6+(cos€—isin0)6)
Noting that odd powers will cancel this simplifies to
=%(2cosé0—30cos405in20+30cosz05in40—2sin60)
=cos’ @ —15cos” @sin® @ +15cos” @sin* O —sin® 6
=cos’ @ —15cos’ H(I—COS2 9)+15 cos’ H(I—COS2 9)2 —(l—cos2 0)3
=32co0s’ #—48cos* O+18cos” 01
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6 b We wish to solve

32x°—48x* +18x—3=0

We use the substitution x = cos @ so that the equation becomes
32c0s’ @ —48cos’ @ +18cos’ §—2=0

Le.

32cos’ @—48cos’ @+18cos’ O—1=1
Hence

cos66 =1

The general solution to this is given by

60 = i% + 2kn where k is any integer i.e.

Trying both choices of sign and varying & gives the following values of x = cosé
x =20.985

x =10.342

x =10.643
But these are 6 distinct solutions and since the polynomial has order 6 there are at most 6 unique
solutions hence these are all solutions.

(cos@ +isinf)* = cos 46 +isin 40 de Moivre’s Theorem.
= cos* @+'C, cos’ O(isin @) +*C, cos’ H(isin H)’
+'C, cos@(isin @)’ + (isin §)"

= cos* @ + 4icos’ @sin @ + 6i° cos® sin’ 6

Binomial expansion.

+4i’ cos@sin’® @ +i* sin* @

=cos’ @+ 4icos’ Osin & — 6cos’ Gsin* @ — dicosfsin’ 6 +sin” 6

Hence,
cos46 +isin46 = cos’ O+ 4icos’ @sin @ —6¢cos’ @sin® @ —4icosBsin’ @ +sin* 6 (1)

Equating the imaginary parts of (1) gives:
sin40 = 4 cos’ @sin @ —4cosfsin’ 6 (as required)
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7 b Equating the real parts of (1) gives:

cos46 = cos* @—6cos” @sin” @ +sin*
_sind@  4cos’ Osind—4cosOsin’ O (sin48 +cos* )
cos40 cos*@—6cos’fsin’ O+sin‘d  (cos48+cos' )

4cos30sind _ 4cosfsin30

tan 460

_ cos*@ cos*d
cos*d __ 6¢cos20sin?0 4 sint6
cos40 cos40 cos40

4c0836 sing __ 4cosOsin36
cos39 €088 coshcos3 O

B M@_6W0sin20+ sin%é
cos?9  coslOcos2®  costO

B 4tan @ —4tan’ O
1-6tan* @ +tan* @

4tan @ —4tan’ O

Therefore, tan 46 = > 7
1-6tan” @ +tan" @

(as required)

¢ x'+4x—6x"—4x+1=0
xt—6x* +1=4x—4x
=
x'—=6x"+1

Let x =tan@; then

@) = 4tan @ —4tan’ @ 1

tan*@—6tan> @ +1

@)

tan46 =1 <4——| From part b.

a=—
4

YA

=Y

NP
Q

6
o St o 13n
c.x =tanf = tan—, tan—,tan—, tan—
16 16 16 16

x=0.19891...,1.49660..., —5.02733..., - 0.66817...,
x=0.20, 1,50, —-5.03, - 0.67 (2 d.p.)
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